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Distributed Wiener-Poisson Control

by Howard Weiner

University of Califormia, Davis
and Stanford University

1. Introduction. Let W(t), t > 0, W(0) = 0 be a standard Wiemer
process, independent of u(t). t> 0, N(0) = O a Poisson process with
(emtant).mc jumps, and EN(t) = \t, t > 0. Let their sigma fields be
F(t) =g(W(s), 0<s<¢t) and G(t) =g(N(s), 0 < s < t). Let g(y) be
s function and L(g(y)) a differential operator on g, for example,
L(g(y)) = a(y) 3— 8(y) + &(y) 33; 8() + c(y)8().

ay
Let X(t,y) be a stochastic process depending on t > 0 and a parameter
y, such that (for ﬁ =X),
(L.1) X, (£,7) = LE(E,7)) + uX(t,y),y) + Had + D

X(0,y) = g(y) = x.

au(e)
de

u(X(t,y),y) is measurable with respect to g(F(t) U G(t)) (L.e. u {is

with wvhite noise, i:{-t-)- incremental Poisson jump process and where

non-anticipative) snd sstisfies, for A a constant, and B> 0 a

constant,

(1.2) '“‘AI LB,

811 0< t< T, 0<T< @« & constant. The cost function for a given u

satisfying (1.2) is, for ¢ > O a2 constant,

T
(1.3) I(u,y) = J‘oo"_" EX2(u,s))ds.
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The object is to characterize the optimsl u for vwhich J 1is mioimized.
The cases T < @ and T = o are treated separately. The method employs a
suitable Bellman equation, a maximum principle for parabolic partial

differential-difference equations and the Ito rule. The method follows [4].

2. FPinite Interval Control.

Let T <o, Define, for 0t < T,

¢
«* £x%(s,y))ds

2.1) Ve V(x;t,y) = inf ]'
| 0

Ju-A]l < B

and X(0,y) = g(y) = x.
t h t+h t+h
By writing I = f +I - I , heuristic arguments ({2], pp. 179-180)
o Y0 ‘n Je

yield a Bellman equation

(2.2) xz + {af (uv‘) + I.(g(y))vx + -:-.vn -aV - Vé

Ju-Al < B
+ A (V(x¥+l,t,y) ~ v(‘nta’)) = 0,
with u = u(x).
On heuristic grounds, a solution to (2.2) is sought such that

2

1
(2.3) x* + [(A-B) + LEONIV, +3 V- aV-V,

Vex

+ A (V(x+l,t,y) - V(x,t,y)) = 0
for vx > 0, x> b(e,y)

2
(2.4) x + (D) + LGEGONIV, + 3 V_, - VY,

v‘.‘
+ A (V(x+l,t,y) - V(x,t,y)) = 0

for Vx <0, x< b(t,y)
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The object is to characterize the optimal u for which J is minimized.
The cases T < e and T = » are treated separately. The method employs a
suitable Bellman equation, a maximum principle for parabolic partial '

differential-difference equations and the Ito rule. The method follows [4].

2. VFinite Interval Control.

Let T<®, Define, for 0< < T,

¢ -8 2
2.1) Vm V(x;t,y) = inf J' e ®® £x%(s,y))ds
, Ju-Al < B0

c B Mtﬁmy)t:hs(y) = x.
By writing I " f +I - » heuristic arguments ([2], pp. 179-180)
o Yo *n e

yield a Bellman equation

(2.2) x2 + 1uof (V) + LGV, + -:-_yu -a¥- v,

|u-A]l < B
+ A (V(xt1,t,y) - V(x,t,y)) = 0,
with u = u(x).
On heuristic grounds, a solution to (2.2) is sought such that

2.3 2+ (D) + LGOIV, +3 T - V-V,

v
xxX
+ A (V(x+l,t,y) - V(x,t,y)) = 0

for V_> 0, x> b(t,y)

2
(2.4) x + [(MB) + LBGNIV + 2 V_ - a¥-¥,

v
xx

+ A (V(x+l,t,y) - V(x,t,y)) = 0

for Vx <0, x< b(e,y)

PR e Tt L S .

- . . . . . - B - . .~ - ) T ~ - T e ) ) T X
A " ° o . Tl - . e N . - . . . . - “ . . ae " e - - . . . .
WAL T PN ¢ RS N, PG N PRI NN PN PR e Y PO SRS SR SRR R R SRR R R e




0y

e

(L

AN 4

DR,

&N, 804
P

N

AAAS 4

-
ST
-celalan

2’ ot
ARt

IRLANCINORNS

'5".";‘ ’ ARG, 2 BRI

i S

t

W
-

o~
v

where b(t,y) is obtained from the following conditions, letting

VeV, ia (2.3) and V= V, in (Z.fb) ‘for 0 <t<T, all y:
v, (b(t,y),t,y) = V,(b(t,y),t,y)
V), xP(E7),63) = Vy L (b(E,y),t,y) = O

(2.5) V) (x,0,5) = V,(x,0,) = 0.

(2.5) Vl’u(b(b‘,-y).t.y) 20.

For R constant, denote

t
(2.6) J(x,t,3,R) = J' e T E((RFL(8(Y))s + W (s) + N(s) + x)2ds.
0

A direct computation verifies that J(x,t,y,A-B) is a particular

solution to (2.3) and J(x,t,y, A+B) is a particular solution to (2.4).

Assumption 1. There is a non-zero solution Bl(x,t,y) with nl(x,o,y) =0

to
< + (A-B + LS(DE, +3 B_ - B A+, L,y) - B(x,t,y] = 0
such that
H, (z,t,y) = 0(P%)
(2.7) B o () = 0(e™%)

for some >0, 8> 0, allt,y, as x4+ w».

Also, there is a non-zero solution Hy(x,t,y) with H,(x,0,y) = 0,

to
o + (MB+ LGB +SH_ - B,

+ A(H(x+l,t,y) - n(’ot:’» =0
such that

B,(x,t,y) = 0(e*™)




AR (2.8) nﬁ,m(*vtﬁ) - o(.lx)

R A

foraou8>0.x>0, sll t,y, a8 X 4 -n.

One may then write

N
3

\

<

Y (2.9) Vi(x,8,5) = J(x,t,y, A-B) + B, (x,t,y)

(2.10) Va(%,8.7) = J(x,6,7,04B) ¥ Hy(x,t,)

A and assune b(t,y) is determined from (2.5), (2.9), (2.10).

’ This motivates

WM

2

Theorem 1 Assume the conditions and results of sections 1,2 hold for
0<T<am.

\ The optimal u, may be expressed as

%

Py

¥ "A-B 1f X, (t,y) > b(T-t,y)

£

, (2.11) uy Xy (t,y),y) =

)

AvB Lf xo(t,y) < b(T-t,y)

vhere b(t,y) \u obtained from (2.5), (2.9)-(2.10) and

Pttt Ay

(2.12) xm(e,,) - l.(xo(c,y)) + u, (xo(g,,) y) + gu(e) + S(E)

de de

% with X (0,y) = g(y) = x.
< Proof let D= vn,.

o From (2.3), (2.4) (omitting (t,y) arguments)

. 1

(2713) (A3 + L(g(y))) D, + 3 Dxx -cb-nt-).b = «2 -AD(x+l1)

3 vhere the argument on the left side of (2.13) is x.
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From (2.6),

(2.14) J_ (x,¢.5, A+B) > 0.
Assumption 1, (2.7)-(2.10), (2.14), imply that
(2.19) vl,n("t”) >0, for each t,y, as X v =

and

(2.16) vz n(:t,t:,y) > 0, for each t,y, as X «+ -».
] .

For fixed (t,y), (omitting the.fixed arguments (t,y)), suppose

there existed a finite number r > b, and & number B, 0 < B <1 and such

that using (2.5a), -
2.17) D(x) <0, b<r-B<Lx<Kr, D(r) = 0,
and

(.17 D) >0, x>,
ﬁiu (2.15). It follows that for x > r-B, the left side of (2.13)
1s negative. By ([1l], Lemma 1, p.34), D cannot have a negative minimum
for x > r-B, a contradiction to (2.17), since (2.15) and (2.5a) hald.
Hence D > 0 for x > b,
For b-1 < x < b, a similar argument using (2.16) and that D(x) > 0 for
b < x<b+1 ylelds that D(x) > 0 for b-1 < x <b. Continuing by iteration,

D(x) > O for x < b, so that D > 0 for all (x,t,y).

Also, Vx(b(t)) = 0 by (2.5), implying that (2.3),(2.4) (2.9), (2.10)
is a solution to the Bellmsn equation (2.2). To show that Y is optimsl,
define

(2.19)  K(X(t,).t,y) ® V(X(t,y),T-c,y)a "
for 0 t< T,

Noting that K(X(0,y),0,y) = V(x,T,y) and K(X(T,y),T,y) = O, the Ito
rule yields that ({2}, pp. 125-126) for a u and corresponding X(t,y),
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T
(2.20) I e @ x%(s,y)ds - V(x,T,y) =
0

T
I e ¥ (aV(X(s,y),T-8,y) - Vt(x(s,y) ,T-8,y)
0

+ iaof (uX(s,y),y) Vx(x(S,Y),T°9.Y))
Ju-Al < B

+3 V_(G,3),T-8,7) + Le() V, (K(s,5),T-5,7) +X2(s,5))ds

T
+ jo."" (VX(s,7),T-5,y)dN(s)

T
+[ &% @(s,5),7-,7)d¥(s)
0

T
+[ @ (0,5),9)Y, K(s,7),T-85,9) - 1af  (u(K(s,7) 7)Y, (R(s,7),T-2,))4
(1 d Ju-Al.< B
The fourth integral omn the.tight of (2.20) is non-negative. Upon taking
expectations of (2.20), the third integral on the right is zero, and one
obtains (omitting the arguments from the first and fourth integrals, and

combining the first and second integrals, all on the right)

T
(2.21) [oo""zcx’(-.y»d- - V(x,T,y) =

T
B[ e Oavr, 4 fnf (W) LGOIV +FV + X
0

Ju-A] < B
+ M (V(X(s)+1)-V)ds

r .
s(uV_ - 4nf (uV_))ds.
+E IO..' x Iu-l.l <B x

The first integral on the right of (2.21) is zero by (2.2)-(2.4), and




R g W T R T e W .
Y-.‘\‘ﬁ.~'.-‘.'-f'.‘.-."."'; Al i R e DASRASEACI IR A IR --.]

the second integral is non-negative, and is zero for u = ug» X = xo.

'y Hence (2.21) yields that

T 2
(2.22) J' e EX%(s,y))ds > V(x,T,y)
0

and

] |
@29 [ @5 - VL),

and (2.22), (2.23) imply u, is optimal.

0

3. Infinite Interval Control

Assume the conditions of section 1 hold for T = » so0 that (1.3) 1is

now
3.1)  Juy) = _J'-‘.‘"x(x’(s.y))ds.
, )
Define
(3.2) Vs V(x,y) = inf re""

2
Ju-Al < B °0 EX ('»y))fh

vith X(0,y) = g(y) = x. |

By writing r - Il +r , heuristic arguments ({2], pp. 179-180)
0 0 ‘°h
yield a Bellman equation

2 1
3.3) x" -gV(x,y) +5 V__(x,y) + inf (u(x,y)V_(x,y))
( y 2 xx 'u"l s B x

+ L(8(7))V, (x,y) + A (V(x+l,y)-V(x,y)) = O.

On heuristic grounds, a solution to (3.3) 4{s sought such that (omitting

the (x,y) argumants)




(G.8) 2P ooV GV (AD + LEGIV, +AVGHLY)-V) = 0

" SRS, §

for V_ > 0, x> b(y)

9]
o WY

‘ and

8 (3.5) 2 AV 3V (BLE(5V, + A(VGHLY)-V) = O

: for V_ < 0, x < b(y),

. where b(y) is obtained from the following matching conditions, letting
. Vm Vl in(3.4) and V = V2 in (3.5):

3 _

f‘ Vi 3)Ly) = Yy ®3),y)

, (3.6) V1,x0@)) =V, (B(y),y) =0

(3.60) v, _(by),y) 20,

' For R constant, denote

X ' ~as 2

: G Iy = j:- E(RHL(5(7)))8 + W(s)4(8)+x) 2ds.

A

3 A co-puution.vorifiu that J(x,y,A-B) is a particular solution to
. (3.4) and J(x,y, A+B) is a particular solution to (3.5).
% Assumption 2. There is a non-zero solution Hl(x,y) to (omitting (x,y)

argument)

-off + (A-B + L(g(y)))B, + 3 B + A(H(L,y)-H) = 0
: such that

3

3 B, (x,y) = o¢e”P%

d
. -

; (3.8) By (%o7) = 0785

1

1
: 8
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for some B > 0, § > 0, for each y, as x 4 ». Similarly, there is a

non-zero solution }iz(x,y) to

1
-aH + (A+B + L(s(y)))l!x + 5 B + A (H(xtl,y)-H) -.0

such that
H,(x,y) = 0(e*®)

(3.9) By o (®:7) = 0(%)

for some § > 0, A > 0, for each y as X+ .
Then one may write

(3.10) Vl(x,y) = J(x,y,A-B) + H, (x,y)

(3.11) V,(x,y) = J(x,y,A+B) + H, (x,y)

and assume that b{y) is determined from (3.5), (3.10), (3.11).

As in Section 2, one then obtains

Theorem 2. Assume that the conditions and results of sections 1,3 hold
for T bl L2

The optimal u, may be expressed as

A-B 1£ X, (t,y) > b(y) '

(3.12) u, G(t,¥),y) = _
A+B 1 X, (t,y) < b(y)

b(y) is obtained from (3.6), (3.10)-(3.11) and
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dW(t) dN(t)

de °

and xl(o,y) = g(y) = x.

Proof. The proof follows that of Theorem 1.

Let D = Vn. From (3.4), (3.5) (cmitting (x,y) arguments)

| (3.16)  (A#B + L(8()))D_+ 3 D__ -aD - AD = -2 - AD(x+1)

v - PSR
e r.. RNy

where the argument on the left side of (3.14) is =x.

From (3.7),

(3.15) - J_ (x,7,AtB) > 0.

 Assumption 2, (3.8)-(3.11), (3.15) imply that

(3.16) (x,y) > 0 for each t,y, as x *o

ln
and

(3.17) (x,y) > 0 for each t,y, as X = -=,

2 xx
By an argument identical to that given in the proof of Theorem 1,
using the appropriate maximum principle ([1], Theorem 18, p. 53), it

follows that D(x,y) > 0 for all (x,y). Since Vx(b(y),y) =0
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by (3.6), it follows that (3.4), (3.5), (3.10), (3.1l) constitute a

solution to the Bellman equation (3.3). To show that u, is optimal,

define

(3.20) K(X(2,5),y) = V(X(t,y),y)e ™"

for t > O.

Noting that KX(0,y),y) = V(x,y), one obtains from the Ito rule

—-—

({2], pp. 125-126) for a u and corresponding X(t,y),(omitting (X(s,y),y)

arguments on the right side),

t
(3.21) [ £ Genrta + V@906 - Vo) -

t
J' «*@(s,y) -aV+ faf (W) + LV _+3 V_)ds
0 Ju-A] < B xx

+I .{.(uvx - inf (uv x))cls
0 Iu-A] <B

t
+J.oe'"'(v X(s,y) ,s)dN(s)
-|-‘|.t I8y ai(s)

o‘ ‘ . -

The second integral on the right of (3.21) is non-negative. Upom taking
expectations in (3.21), the fourth term on the tiglit is zero, and combining

the first and third terms on the right yields that

11

............

.......................



t .
(3.22) J'Oe""?:(xz(a »¥))ds + E(V(x(t.y).y))c'“-wx,y) -

xj‘tc'“'(xz(s Y)-aV+ inf (uv) + L(g(y))V_+ 1
0 ’ x x 2

Vax
]u-Al < B

+ A (V(X(s)+1,y)-V)ds

t
+ zj'o.""(nvx - | 1:f (uV,))ds.
u-Al < B

By (3.3), the first term on the right of (3.22) is zero.

The second term on the right of (3.22) i{s non-negative, and is zero for
u=u. By Assumption 2, (3.7)-(3.1ll), it follows that, for (x,y) fixed,
there is a constant D > O such that

(3.23) E(VGX(t,7),y))e™" < E(|x|+(JA[+3+|Lg () | ) er]wce) |+ (e)) Ze ®Eipe ™"

or

(3.28) E(VX(t,y),y)e " < C(x,y)e2e ™"
for some positive constant C(x,y).

Letting t + & in (3.22), by (3.24) one cobtains

(3.25) Jp.ﬂ.z(xz('sy))d. > v("y)
o .
and

a2 [ rafena - Ve,

so that (3.25), (3.26) ifimply that u is optimal.
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4. Additional Constraints

Certain additional constraints may be incorporated and treated by
these methods. An illustrative example in the case T < o is the added

constraint

(6.1) Ex2(a) = ¢C

vhere 0 < a<T and C> 0. This may be handled by adding the condition
~a
4.2) (AN ) PN
to conditions (2.5), and proceeding as before. See (3] for another approach.
13
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